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Abstract. A non-homogeneous random walk on non-negative integers with transition
probabilities poi = do;, pan = 8nis Prisl = Ay Pri-1 = fi and p; = o5, A i+ o =1,
is studied. In particular, when the transition probabilities are independent of position, a general
expression for the joint probability generating function {(JPGF) of the frequency count of the
stages 1,2,... N—1 is derived. The appropriate marginal forms of this 1pGF yield the pGF of the
frequency count at any pair of stages, and at any particular single stage. Some moment formulae
associated with the frequency count are derived. A random walk conditional on absorption at a
specified boundary is also considered. The random walk model proposed is eminently snitable
for the example of carcinogenesis.

1. Introduction

Random walks with absorbing boundaries provide a natural model for a wide variety of
phenomena that arise in medicine and biclogy. In this paper a random walk model of
the phenomenon of carcinogenesis (see Bell (1976), and Beyer and Waterman (1979} and
references cited there) is considered.

A tumour is an abnormal mass of tissue which is not inflammatory, A cancer tumour is
usvally thought of as arising from one wayward cell that has lost the ability to control itself.
A cancer tumour inducing agent is called a carcinogen. In the study of carcinogenesis, a
hit refers to the interaction between the carcinogen and the normal cell which results in the
mutation of that normal cell to a cancer cell. The transition of a normal cell to a malignant
cell need not occur in one hit or one stage. The number of stages is the number of mutations
required to produce a cancer cell. A mutation is said to occur in a given stage if, during that
stage, the mutated cell is subject to reproduction, death, further mutation to the next stage,
etc. The natural model for this problem is a birth and death process with lincar growth. This
model has been extensively studied by many authors, perhaps more for its mathematical
manageability than its genetic relevance, among which we may mention Bartlett (1960),
Bharucha-Reid (1960), Gani and Jerwood (1971), Iosifescu and Tauta (1973), Bell (1976),
Beyer and Waterman (1979), Adomian (1980), Iosifescu (1980}, Karlin and Taylor (1984),
Sumita (1984), Sumita and Masuda (1985), and Asmussen (1987).

In a multi-stage model one postulates several successive mutations, each producing a
clone of mutant cells.

The assumptions made in the random walk model of carcinogenesis are:

(1) Let {X,:n = 0,1,...} denote the random walk corresponding to the mutation
process, and {0, 1, ..., N} denote the number of stages.

(2) The walk starts at stage i € Iy_; = {1,2,...,.N -1}
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(3) A step forward implies further mutation to the next stage and a backward step
implies a move towards recovery.

{4) The stage O represents the stage of complete recovery and stage N denotes the
completion of the mutation process resulting in malignant cells.

(5) The random walk is governed by the one-step transition probability matrix M = (py;),
where

A J=i+1
Pij = Hi J=f—1 Pely
Pi j=i

Ai + s+ pi =1, and po, = 8gi, pai = dn; (see figure 1),

] 1 2 e e = i i‘1“'N—2 N-’N
1 ] [

L ] 1 1 1 1

Figure 1. The state diagram of 2 non-homogeneous random walk with absorbing boundaries,

6) T, Tiz, . -, Tiy—1 are random variables denoting the frequency count {total number
of occurrences) of the stages 1, 2,, .., N — 1, respectively, before entering one or the other
boundary stage, given the initial stage Xg =1{ € Iy_,.

The purpose of this paper is to obtain a general formula for the JPGF of the frequency
count for the non-homogeneous random walk. The appropriate marginal forms yield the
PGF of the frequency count at any pair of stages, and at any particular single stage, When
the spatial homogeneity is present explicit expressions for the corresponding JPGF are given.
The covartance and the correlation coefficient of the frequency count at any pair of stages
are calculated. Expressions are deduced for the distribution of a backward stage or a forward
stage conditioned on hitting one of the boundaries before hitting the other. The probabilities
conditioned on absorption at the origin of a homogeneous random walk are also given.

2. The JPGF of the frequency count for the non-homogeneous random walk
Let T;; denote the random variable defined as the number of visits to stage j before eventual
absorption at one of the boundaries (in other words the frequency count of j), given the
starting stage i.

We introduce the following JPGF of the random variables Ti1, Tiz. ..., Tiy—1

Gi(Z) = G (21,22, . .-, Zy—1) = Elglzl? ... 20!
N=1 .
= Z pr{Th=n,Ta=ny, ..., Ty = An-1) l_[ z;
j=t

lzj] <1, j €Iy (2.1)
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in which the summation extends over all ny, n,y, ..., ny_; such that Zje o=ttt
where ¢ is interpreted as the number of transitions to either of the boundaries,

The master equation for the probability pr(T;; = n;, k € Iy—;) can be derived easily.
The variables {rn;} can be transformed to {z;} by generating function techniques. The
resulting equations for the transform G, (Z) are given by the recursion

Gi(Z) =

4 .
1—piz; [ Gici(Z) + 1, G141 (Z)] i€iyy (2.2)

subject to the boundary conditions
Go(Z) =Gn(Z)=1. (2.3)

The above can be solved systematically, as described in theorem 2.1.

Theorem 2.1,
1 S dn_jzne; )
Gi(2) = ————— | (1 = Fi(Z I ot
@ I — Fy_1(Z) I:( i ))J,l:! (1 — PN_jIN-j
+ (1 - By (2D ] | (T’fﬁ—)] i€ Iyt (24)
j=! = 0%

where F,,,(Z) and B, (Z) satisfy the recursion

Fn(Z) = Fn1(Z) + An—rfim (1 — Fp_2(Z)) ]_[ (l—pz)
Jer

j=m-1

m=23,...,N—1 2.5)

and

N—m+1 s
Bu(Z) = But () + Avmttw-msi(1 — Buo(2)) [ ] ( d )

job=m N P12
m=273.. N-1 (2.6)

Proof. Formula (2.2) can be reduced from second order to first order as follows: We start
with

G1(2) = 7= — [ + MGo(D)] @7

Inserting (2.7) into (2.2) immediately leads to

1- ;2 2 ( K% )
)= eee—————— | (1 — F2(Z))G2(Z) — —_— 28
G = s F [( 2(2))Ga(Z) E s (2.8)

where

Fy(Z) = Fz(Zi,Zz)“lmzH'——-— Fi(n)=Fr=0.
i=i £iZ;
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Inserting G,(Z) from (2.8) into (2.2), we obtain

3

_ 1 — p323 _ iz
Gi2) = Tt [(1 ranox) - 1] (122 -pjz_,)] 29

Fy(Z) = F3(1, 12, 23) = Fa(Z) + hapta(1 = Fl(zl))]‘[l :
=2+~ Pigj

Proceeding in the same fashion, we obtain

F— o129 HiZ; )
i = Fi G
GO = S Saaa - F _2(2))[ I ENGn @ n(l—m]

=1

i €Iy (2.10)

where F,,(Z) satisfies the recursion (2.3).
Evaluating Gy-2(Z) from (2.10) and inserting the result into (2.2), we deduce that

_ 1 — py-1zy— i
w2 = Awvo1zn-i(l — Fnea(Z))
x [(1 — Pyt (Z)Gn-1(Z) — ﬁ (&)] @11
N N1 "o/ l" A1)
Jj=1 PJZ_;

On account of the boundary condition given by (2.3), the expression (2.11) becomes

B 1 An-1Zn-1 _ MiZy
v=1(Z) = = Fua@) |i1 P (1 = Fy—2(Z) + ]_[ ( J‘):l Co(212)

F=1 PiZ

Reversing the stages, by setting i = N — &, k € Iy.; in (2.10), one finds that

1
1— Fy—i-1(2)

N—k—1 .
x[ RNk lENSl_ (g py o(Z))Ghe(D) 4 [ (-—--——--“’Z’ )]

1 — oy—k-12ZN-2-1 jei

Gyi-1{2) = (2.13)

Inserting (2.12) into (2.13), we obtain

1
R )
2
AN-jIN-}
[ — Fyo3(Z —_—
[( w-s( ))H(l - pN_JzN_J)

_ N-2 12
+ (= Biew-0) [[ {7257 (2.14)

j= Pigj
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where Bij(zy_1) = Bo=0.
Substituting from (2.14) into {2.13), and using the fact that

3
Z _
1= Fy_1(Z) + n-sn—2(l — Fy—o(ZN] ] (1#)
j=2 — PN—jIN-j

= (1 = Fn_3(Z2))(1 — Ba(Z)) @.15)
where
By(Z} = Ba(zn-1, 2n-2) = An—2lin- 11_[“&—
T j=1 I"ION—_;ZN —j
we obtain
1
vy = T 2.16
v = T (2.16)
3
AN TN ) ( HiZj )
x | (1= Fau_a@ [T =2 )+ (1 - B2
[( N—a( )E(l—pN_,-zN_,- (1 - By >)H —or
Iterating further, we obtain (2.4), where B, (Z) satisfies the recursion (2.6). |

Many interesting probability generating functions can be derived from theorem 2.1
through an appropriate choice of the arguments z;, j € Iy_;. The next theorem follows
immediately from (2.4) by setting all the arguments z; equal to one, except z, and z,.

Theorem 2.2. The marginal PGF for two of the N — 1 random variables T}y, Tiz, ..., Tiy-1
(say Tix, Tiy) is given by

_ 1 N—i )\dN f
G2y, 2y) = r_-m [I‘:(I Jimt(ez 3y N g ( N_J)
Jey

+ 2l — byoi1(25, 2y)) H (T—_"-E')] (2.17)
i

=1

JERY
where
[(1 = py—x)(1 — py—y)]™" ifx <i,y<i
[(E ~ pw—x Y1 — pN—yZn—y)] 2wy ifx<i,yzi
= Ay_xdy-y - : . .
[(X — oy}l — py—xZn—x)]""2Zw = ifxzi,y<i
[(1 = pyxzn—o)(l = pu—yzv_y)) 'zw—zzn-y fx =i,y 2

[ = pxz)(d — pyzy)] 2z, fx <,y <

[(1 - px)(l - pyZy)]_IZy ifx> i, y -...<,‘ i
rz = fxHy
[(Q—=p(1 — pxzx)]_le fxLi,y>i
[(1 — p)(1 — 17! ifx>i,y>i
fo@ zy) = Fu(l, ... L2y, 1,00, L, 25, 1,0, 1), and bp(2e, 2y) = Bu(l,..., 1,24, 1,
wlhizy ..., ),m=0,1,...,N —1; z; and zy are the x and y components. a

The next corollary follows from theorem 2.2 by setting z, = 1.
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Corollary 2.1. The PGF of the total number of visits to stage x, T;,, is given by

1 N=i ;‘-N—'
Gi x)= T 1_ [m= X -'—"'J )
@)= 7 {"3( e [ ] (1 ML
ke
+ ra(1 - bN—i—l(Zz))H (1 ad ) (2.18)
jel —Fj
ir
where
{(1 — py—)”} ifx <i
rs = Ay—x
(1- PN-xZN-x)_lZN—x ifxzi
{ (1- szz)-lzx ifx<i
F4 = [iy
(1~ pe)7! ifx>i
fm(zx) = fm(zxv 1), and by (2x) == bp (22, 1.
The recursion for f,(z;) can be written as
JnZx) = fn1(20) + Am—1tm (1 — frn-2(2x)) K (2.19)
where
[(I - pm-l)(l - PmZm)]“lZm m=ux
K= 1 [{(1 = ppe1Zme1){1 = p)] " 2 m=x+1
[{1 ~ o1 X1 — pm)]™! m#x,x+1

and by, (z,) satisfy the corresponding appropnate form of (2.6).

3. The JPGF of the frequency count for the homogeneous random walk

‘When spatial homogeneity is present, on setting \; = A, y; =y, p; =p foralli e Iy,
into (2.18) we obtain

1 L \M-i-l
Gi(z:) = T @) l:m(l —h;1(2:)) (T—:;)
u V!
+ ax(l — gn—i—1(zx)) (m) :| 3.1

where

[(1 —p)! x <i {(1 - pz)7 1z, x<i
ay = A ar=p

(I —pze) 'z x2i (I-p)" x>
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hm(zx) satisfies the following recursion
him(Zx) = Ben—1(2x) + AL — Bmea(zz)]Am

{I(l — o)1 = pz)] " zs m=xx+1

(1-p)2 mEx, x4+ 1,

It can be readily seen that the solution of (3.2) is given by

[ H,., m<x
1—p
1-{1—-H,
B (Z2) = 9 ¢ '")(l—pzx)zx
mzx
(= Ho (1 — Hy_p 222
x—1 =X I_sz

where H,, (independent of z,) is the solution of the second order recursion

Hy = Hy_1 4 I — Hpon]

AL [
(1-p)?
Hy=H =0.

Similaily,

1—p
gmlzn) = 1‘“‘”"‘)(1 —-pz,z)zx

I -2z
— {1 = Hy—y_ (1 — Hyppo
l { N—x-1)( + N)(l —sz>

( Hp, m<N-—x

Equation (3.4) can be solved employing standard methods, and we obtain

1 ;‘_m—"rl - Mm+1
Hy =1 [

S G-p-py (A — @)m + D™

One then sees from (3.3), (3.5) and (3.6) that

1
1=hi(z) = -
W) = o = o)
({7l i (L~ pzy)
121 = p)yRIxG — x) + (e~ x( = X))2,)
x

rivi(l — pzy)

L = P)(Va¥iex + NV — Ve Vi-x)2e]

AsEp
A= U,
f<x,A=0
izx,A=p
P<x,A¥#u

Lzx,A#Fu

7041

(3.2)

(3.3)

(34)

(3.5)

(3.6)

(M)
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and
1
1-— —i—1l&x) = -
#y-i-1@) = T R = pz)
(N = Dp 7y (1 — pzy) i>x—1,A=yu
pV =1 = o)y X [N —x)(x = 1)
sx-LA=pn
+ (N =Du—(N—x)x —i))z,]
% A {3.8)
yiyn—i(l = pzz) isx—1LA#u

(1 - p)[VN—x}'x—i

+ (V1 ¥Nei = ¥N-xVe-i)Zx]

where yp = AP — u?,
Inserting (3.7) and (3.9) into (3.1), one establishes the next theorem.

i<x—1,A%pu

Theorem 3.1. Letr; = A, p; =pand p; = p, i € Iy.y, where A+ + p = 1. Then

Gulzy) = at Piata. ¢9)
Ox — Br2x
where
(Dfor s
{A"""m-x x i
Qi = X
V'I Ya—t¥YN-x xzi
Bix + Qix = 0x — By = VI¥N> Oz = VaVN—x and y, = AP — e
Qfora=un,2r+p=1,
x{i —x) X<
(x — (N —x) xzi
Bix + 0y = 0y — By = AN, and o, = x(N —x). 0

Following the line of the proof of theorem 3.1, one establishes the next theorem.

Theorem 3.2. Let iy = A, w; = and p; = p, | € Iy_3, where A + u + p = 1. The JPGF
of the two dependent random variables T;; and Ty (x, ¥ € Iy-1) is

o + ¢ 2x  OaZy F 32k Zy

Gz, 2y) = 3.10
12 2) o + 02, + 02y + 03222y (3.10)
where
0 x<igy
Qo = Vy-x | B Veei¥h-y i<x<y
Wty x <y s
ﬂi)’y—i?’N—y xgigyorigxsy
o +dp =0 Vei
A iy Yy x<y <
ﬂi}’x—EYN-y i€x gy
optoe=n .
MWy v x<igyorx<y<i
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Uy = VeVy—x¥N—y, Q1 T00 = NiVy¥N—y, Q2100 = V¥V ¥N-1» ZLO o = ,'Lo oy = ]’IZVN:
and yp = AP — u?,

The case y £ x may be obtained by interchanging x and y in the above formuiae.

O

1t should be noted that theorem 3.1 follows directly from theorem 3.2 by setting z, = 1,
o2 + @i = Viliz, Qi1 + &3 = Y1 Bix, 02 + 00 = 1o, and oy + a3 = —y1 b,

Explicit expressions for the probability mass funciton (PMF) Pr(7i; = n,) can be
caleulated by expanding the denominator of (3.9) as a geometric series in (8,7: /o). We
find

—_— =10
Pr(Tiz =ny) = (3.11)
X X [% + ﬁu_gx-] (ﬁ_x)n, . 0
oy Bx Oy * )
It may be observed from (3.11) that Pr(Ti; = n,) is geometric for { = x (since ¢, = 0

in this case), and modified geometric for i 5 x; o, does not vanish, since x € Iy_, (see
Barnett (1964), and El-Shehawey and Trabya (1993)).

4. The moment formulae for the homogeneous random walk

We derive some moment formulae associated with the two dependent random variables Tj;
and Tiy, x, ¥ € Iy—1. These formulae are rather straightforward.

Theorem 4.1. The covariance, Cov(7;;, Tjy), and the correlation coefficient, @y, of Ti,
and T;y are given by

(o0 — ooy — Bi) — (az‘xaiy - axay)

Cov(T,..T,;) = .
OV( ix :y) (Q'x _ ﬁx)z (4 1)
and
@)xy — {20 — )ty — Br) — (Q'ixaiy - axa’y) “2)
V (@ix — o)y — ay)(Bix — 0y )(Biy — ary)
where
o) +ay o) + 2o oy +on o + a3
o, = By 2= mmemseininsonnn = - y = —
g ¥1 ¢ Y1 Py ¥ 7 Y1

Finally, we may complete the discussion by obtaining explicit expressions for the
distribution of a backward step or forward step conditioned by hitting one of the boundaries
before hitting the other.

Let 7; denote the first passage time to stage j, j =0, N, i.e.

0 ifX,#jforalln,n=1,2,...
7= (4.3)
min(n 2 1, X, = j) if X, =jforsomen=12,....
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Then the probabilities, p; (), j = 0, N, for hitting one of the boundaries before hitting the
other, given the initial position Xy = i, (well known results) are

usN—i

N akale
pi(0) = Pr(no < wy|Xo = i) = pE[T)] =
N-i .
N =
4.4)
AN-—wi X
}"Ny aale
pi{N) = Pr(zw < 1ofXo = i) = AE[Tin1l =
H
—_ A=
N g
(see, for example, Feller (1977), Percus (1985), El-Shehawey (1992), and El-Shehawey and

Trabya (1993)).
The probabilities for a backward step and forward step conditioned by hitting one of
the boundaries before hitting the other are given by

~ _ Piipi(0}
Prit; =l <y, Xp=i)= —
(ti =llno < v, Xo =) 2:0) "
_ o Pyp(N) '
Pr(g; =lltv <10, Xo =1) = oy
One then sees from (4.4) and (4.5) that
YN-i
"—“J’,’—‘"’—" AEw j=itl
N—i
Pr{z; = 1|t < Ty, Xo = i) = { ) (4.6)
! Ja-p-ith
1 .
sI—p)(N—i—1)
2 . s
=g, =
N —i mj=i+1
and
[ Ayi-1 Atp, j=i—l
Yi
£ SSEIES
3
Pr(z; =llty < 7, Xo=1) = " -1 4.7
5_(__:'_‘[{)1—) A=, j=i—1
]
La-pi+1
3( p‘)(i+) Amp, j=idl,
i
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‘We might observe that (4.6) and (4.7) are invariant under interchange of A and u; also (4.7)
can be deduced from (4.6) by interchanging A and g, interchanging i — 1 and i + 1, and
replacing { by N —{, This invariance implies that, conditional on absorption at N, the
distribution of time to absorption from i € Iy_; is the same as the distribution of time to
absorption from & — i conditional on absorption at {.

The analogous results for a conditioned random walk with a single absorbing state at 0
may be immediately obtained as the limiting form of (4.6) when N — oc. In this case we
obtain

max(}, @) A, j=i-1

. _ min(4, w) AFEp j=itl
Jim Pr(z; = 1[% < wv, Xo =) = 11 = ) A =il {4.8)
HCERY) A=p, j=i+l

5. Concluding remarks

The random walk with absorbing boundaries considered in this paper is pechaps deceptively
simple. Whilst the general expression (2.4) for G;(Z) appears rather complicated in form, it
15, nevertheless, consistent with intuitive ideas about the form of the JPGF of the total number
of occurrences up to absorption (see Kemperman (1961), Barnett (1964), and El-Shehawey

and Trabya (1993)).
The homogeneous random walk {X,,} conditional on absorption at one of the boundaries
yields a new non-homogeneous random walk with a state space {0, 1, ..., N} and one-step

transition probabilities:

pij i)

i,jely, uec{0 N} 5.1
pi(u)

gij(u) =

In the case u < A, formula (4.8) yields a new random walk of the same type in which
forward and backward probabilities are interchanged.
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